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1. Introduction 



o 

(N 

Let il C C" be a domain with smooth bomidary dil. Let 0{ft) denote 
OO , the space of holomorphic functions on fl. Associated with such a domain are 

certain operators: the Bergman projection B and the Szego projection S. The 
former is the orthogonal projection of L^(J7) onto the closed subspace L^{n) n 
0{n), while the latter is the orthogonal projection of L'^{dft) onto the closed 
subspace H^{ft) of boundary values of elements of 0{il). Ultimately, one 
T^ ' would like results concerning the mapping properties of these operators (e.g., 

C^ , conditions under which they extend to bounded operators on the appropriate 

LP spaces). 

Often, an understanding of these operators begins with an investigation of 
an associated integral kernel. That is, often one can identify distributions B 
and S so that for / e L^{n) and g G L^{dn), 



B[f]{z)^ / f{w)B{z,w)dw 



n 



> 

OO 

S[9]{z) "= giw)S{z,w)da{w). 
f~^ ■ Jdn 

f^ ' Much is known about these kernels for pseudoconvex domains of finite 

type. Kohn's formula connects the Bergman projection with the 9-Neumann 
operator. Kerzmann [Ker72] uses this connection to show that B is equal to 
a C°° function on (fi x fi) \ A, where A = { (z, w) e dfl x dQ : z = w} is the 
diagonal of the boundary. 

Much more is known about the operators in some settings; a number of 
C^ ' authors obtain sharp estimates on the kernels and their derivatives near the 

diagonal as well as results on the mapping properties of the operators. This is 
done, for example, by Nagel, Rosay, Stein, and Wainger [NR SW89^ for finite- 
type domains in C^ and by McNeal and Stein ([M cNM ;, MS94 , MS97 ) for 
convex domains in C". 

In contrast with the situation for pseudoconvex domains, comparatively 
little is known about the Szego kernel for non-pseudoconvex domains. A 



The second author was supported in part by NSF grant DMS-0654195. 

1 




2 MICHAEL GILLIAM AND JENNIFER HALFPAP 

notable exception is the work of Carracino ( (CarOSj . |Car07j ). in which she 
obtains detailed estimates for the Szego kernel on the boundary of the (non- 
smooth) non-pseudoconvex domain of the form 

(1.1) n^ {{zi = x + iy,Z2=t + iC):^> b{x) } 

with 



(1.2) bix) 



She shows that the Szego kernel has singularities off of A in this case. 

In this paper, we consider certain non-pseudoconvex domains of the form 
(|l.ip for which b is smooth, real-valued, but not convex. One checks that such 
a domain fails to be pseudoconvex if and only if b fails to be convex. More 
specifically, we take 

(1.3) b{x) ^ -x'^ + -px'^ + qx, p<0,qeR. 

(Note that the condition on p is precisely the one required for a quartic of 
this form to be non-convex.) Our goal is to identify sets in C^ x C^ on 
which the integrals defining the Szego kernel and its derivatives are absolutely 
convergent. 

2. Definitions, Notation, and Statement of Results 

We begin with a more precise discussion of the Szego projection operator 
and its associated integral kernel for domains in C^ having the form (jl.ip . 
We take b smooth so that fJ C C^ is smoothly-bounded. As above, let 0{il) 
denote the space of functions holomorphic on ft. Define 



H^in):^\ FeOin):snp f \F{x 
I £>oJdn 



+ iy , t + ib{x) + ie)\ dx dy dt < oo 



'H^(ri) can be identified with the space of / G L^{d^) which are solutions (in 
the sense of distributions) to 

With this identification, we define the Szego projection operator S to be the 
orthogonal projection oi L'^{dVL) onto this (closed) subspace H^(r2). 

One can then prove the existence of an integral kernel associated with the 
operator. This is discussed, for example, in [Ste72j . where the approach is as 
follows: Begin with an orthonormal basis {4>j} for 7^^(51) and form the sum 

CO 

S{z,w) = '^(j).j{z)(j)j{w). 
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One shows that this converges uniformly on compact subsets oi fl x fl, that 
S{z,-) £ n'^{n) for each z e n, and that for g e n^(n), 

5(2)=/ S{z,w)g{w)da{w). 
Jon 

S is then the Szego kernel. From its construction it is clear that it will be 

smooth on f2 X f2. It may extend to a smooth function on some larger subset 

of ri X fi. 

For domains of the form ()l.ip . one can derive an explicit formula for the 

Szego kernel. Let z — (zi, Z2) and w = {wi, W2) be elements of C^. Set 

/oo 
g2rhA-6(A)l ^X. 
-00 

Then 

(2.3) 5(z, w)=c ff Te''-[-i+^-i]+^-[-2~w,] j^^^^ ^^j-i ^^ ^^^ 

J Jt>0 

where c is an absolute constant. 

Remark 2.1. 5*66 |HNW10] for detailed discussions of TiP spaces for un- 
bounded domains, the derivations of such integral formulas, and the iden- 
tification of'H^{Q,) with L'^{Q) functions satisfying the differential equation 
(1211). 



Remark 2.2. Many authors only consider S as a distribution on dfl x dil 
since S is smooth on fl x fl. In this situation, one can identify the boundary 
with MP and consider the integral kernel 

S[{x,y,t),{r,s,u)] = 

/•OO pOO 

(2.4) c / re^[»(*-")+^''fe-'*)-[''(^)+K'-)-'?(^+'-)ll[Ar(r,,r)]"^ drydr. 



Jo J-OD 

This is done, for example, in the work of Nagel |Nag86| , Haslinger |Has95j , 
and Carracino |Car05| . |Car07) . 

We may now state our results: 
Let b be as in (|1.3I) and let 

(2.5) z — (zi, Z2) — {x + iy,t + ib{x) + ih) 

(2.6) w — (uJi, W2) = {r -\- is,u -\- ib{r) + ik). 
Define 

(2.7) Yj = {{z,w) : X — r and \x\ > \/— p} U { (z, w) : \x\ = \r\ = \/—p}- 
Also, for a continuous function b on M, define the Legendre transform of b by 

(2.8) 6*(ry) :=sup[r/A-6(A)]. 
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Theorem 2.3. The integral defining S{z,w) is absolutely convergent in the 
region in which 



(2.9) h + k + bix) + b{r)-2b** l——\ >0. 

This is an open neighborhood of {fix Q)\'E. More generally, ifii, ji, i2, and 
J2 are non-negative integers, then 

(2.10) 

r r , _, , , rin+ji^n+ji+'i2+J2+i 

di\di^M&S~.S{z, W) = C' jj ^Vr[^.+^^]+^r[z.~^^.] 1 __ ^^ ^^ 

is absolutely convergent in the same region. 

Remark 2.4. Compare this with Theorem 3.2 in IHNWIO] . In that theorem, 
the domain is of the form (ll.ip for b convex, and the region in which the 
integrals converge absolutely is defined by the inequality 



h + k + b{x) + b{r) - 26 ( — — 1 > 0. 

These two theorems are, in fact, analogous since the Legendre transform is an 
involution on the set of convex functions. 

Theorem 2.5. // [{x + iQ, + ib{x)), (r + iO, + i6(r))] G S, S[{x, 0, 0), (r, 0, 0)] 
is infinite. Also, if 6 — h + k > 0, 

lim S[{x, i{b{x) + h)), (r, i{b{r) + k))] = oo. 

Since these theorems show that the nature of the singular set for the Szego 
kernel can be different in the non-pseudoconvex case from what has been 
observed in the pseudoconvex case, we summarize these differences in the 
following: 

Corollary 2.6. // the domain Q. is not pseudoconvex, there may be points 
on the diagonal of the boundary at which the Szego kernel is not singular and 
points off the diagonal at which the kernel is singular. 

An understanding of the Szego kernel requires sharp estimates of the inte- 
gral N{r], t). For fixed 77, r, this is an integral of the form J^ e^^'^^ dX, where 
p satisfies lim|;j|_j.oo p{X) — —00. The heuristic principle that guides the anal- 
ysis of such integrals is that the main contribution comes from a neighborhood 
of the point (s) at which the exponent attains its global maximum. If Ao is 
such a point, 



00 /'OO 



eP^^UX = eP^^^') / e''^^)-''^^'') dA = e^^^") / e'P^'''' dx, 



where p{x) := p{Xo) — p{x+Xq) is non-negative and vanishes to second order at 
the origin. In Section [31 we focus on understanding the "main contribution" 
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to the integral N, while in Section 4, we focus on uniform estimates on the 
integral that remains once we have taken out this contribution. The theorems 
are established in Sections 5 and 6. 

3. Behavior of 77A — 6(A) 

Define 

Br,iX):=r,X-biX) 
and consider 5*(ry) = sup;^ Bjj{X), the Legendre transform of b. Since B,^ is a 
polynomial of degree 4 in A with negative leading coefficient, it tends to — cx) 
as |A| — >■ 00. It follows that the supremum is achieved at some A at which B' 
vanishes; i.e., at some A satisfying A^ + pA — (ry — g) = 0. Note that this is 
a depressed cubic equation. Therefore, by considering its discriminant, one 
finds: 

Proposition 3.1. (1) If A{—pY < 27(ry — q)^, there is a single A at which 

B' changes sign, hence B^i has a single local extremum, which is nec- 
essarily the location of the global maximum. 
(2) If A{-pY > 27(77- g)^, B'^W = has three distinct solutions. Two 
correspond to local maxima of B^,. We label them \-{ri) and X^(r]), 
with A_(ry) < A+(?7). 

The next propositions contain more specific information about the loca- 
tion(s) of the global maximum of _B^. 

Proposition 3.2. Let g{\) = -{\^ +pX). Then 

(1) g is positive on (— cxd, —\/—p) and (0, \/—p), and g is negative on 
{—\/—p, 0) and {\^—p, 00). 

(2) g increases on I —y/—p/3, ^— p/3) and decreases on (—00, — a/— p/3) 
and {y/~p/3, 00). 

Proof. The proof is simple calculus and is omitted. D 



Proposition 3.3. Let B,, (A) = r]\ — 6(A), with b as in ()1.3p . 

(i) If V - q = 0, A_(77) = -y/^, X+iv) = V-P; 0,1^d Br,{\-{T])) = 

Bri{X+{ri)). In other words, the global maximum of B^ is achieved at 
two distinct points. 

(ii) IfO<r]-q< (^^^£^ 



27 

-\/-p < A_(77) < < V-p < ^+{'n) 

and Bjj{\+) > B,,(A_). 
(iii) // f 27 ) 1!^ V ^ Qj B,f has a single local (hence global) maximum 
at X+{ri) > ^—p, and X+{r]) ^773 as 77 —> 00. 
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(iv) If-(^^y <r^-q<0, 

X-iri) < -V-P < < A+(?7) < V-P 

and i3,,(A_) > i?,,(A+). 

(v) If rj — q < — I ^^^ ) < 0, B,^ has a single local (hence global) 

maximum at A_(?7) < —^—p, and A_(ry) ^773 as rj -^ —00. 

Proof, (i): 11 rj — q, then the local extrema of i?,, occur at solutions to g{\) = 
0. The three solutions are A = —^/—p, 0, \J—p^ and the local maximum is 
attained at A = ±-/^. Since in this case B,f{X) — —jX'^ ~ \v^ is even, the 
conclusion follows. 

(ii): By Proposition 13. 11 the upper bound on r\ guarantees that B,, in fact 
has two local maxima. Since 77 — g > 0, for A S [0, \J—p\., 

b;(A) - (r? - g) - (A--* + pA) = (77 - g) + 5(A) > 0. 



Since g is decreasing for A > \ -§-^ {v ~ q) + .9(A) = has precisely one 
solution in {\/—p, 00), and it is the location of a local maximum for i?^. We 
have named this point A-|_(77). On the other hand, since (rj — q) + g{X) is also 
positive on (—00, —^/—p\, the second local maximum X-{ri) is in {—y/^p, 0). 

Now, 77 — g > and A_ < imply (77 — q)X^ < (77 — q)(— A_). Since 
A+ is the location of the global maximum of the restriction of i?,, to the 
positive real axis, i3,,(A^) = (77 — q)A_ — (|Ai + ^pX^) < (77 — q){—X-) — 
(i(-A_)4 + ip(-A_)2) = B^(-A_) < Br,{X+). This proves (ii). 

(iii): By Proposition 13. 1[ we are in the situation in which B' JX) — has 
a single solution. An identical argument to the one used to prove (ii) shows 
that the solution, which we call A+(77), satisfies -/^ < A+(77). 

We now prove the statement about the asymptotic behavior of A+ (77). Since 
A'^ > A'^ +pX+ = rj — q, X^{r]) — > 00 as 77 — ;> 00. Also, since A'^ = ri — q — pX+, 



we have 



1 = ^+0(1). 



Thus A'^ ^ 77, i.e., A'^ = 77(1 + o(l)] as 77 — > 00. It follows that A+(77) ^ 773 as 

77 — 7> CXI. 

The proofs of (iv) and (v) are almost identical to the proofs of (ii) and (iii) 
and are omitted. D 

Define a function 

(X-iv) V<<1 
V^ v = q 
A+('7) v>q- 
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Thus for f] =/= q, X{ri) is the location of the global maximum of _B^. For rj — q, 
the global maximum is achieved at two points, ±^—p. Which of these we 
choose for the value of A(q) is arbitrary. 

Proposition 3.4. The function rj i-> X{ri) maps M onto M\ [— \/—p, \/—p) ■ 
Furthermore, it is 

(a) differentiable on M \ {q}, 

(b) continuous from the right at rj = q, and 

(c) increasing and injective on M. 

Proof. The equation r/ = q+X'^ +pX clearly expresses 77 as a function of A. Fur- 
thermore, the restriction of this function to (—00, — ^/— p) U [1/— p, cx)) is easily 
seen to be one-to-one with image K. Thus its inverse function is well-defined 
on R and maps this set to (—00, — \/— p) U [a/— p, 00). Since A restricted to 
K\ {q} is the inverse of a function which is smooth with non- vanishing deriv- 
ative on its (restricted) domain, A is itself continuous and differentiable there, 

with derivative A' (77) = > 0. The proposition is established. D 

3[X{r])Y +p 

Corollary 3.5. The function rj — > b*{ri) is continuous on M. 

Proof. This is immediate since b* is a real-valued function which is convex on 
all of M. 

n 

4. Estimates on f°° e^^^^' dx 
J —00 

4.1. Definitions and Notation. Let p be a real polynomial of even degree 
with positive leading coefficient. We are interested in estimates on 

/•CO 

(4.1) / e-P^'^Ux 



which are uniform in the coefficients of p. If p is convex (i.e., if p"(a;) > for 
all x) with p(0) = p'(0) = 0, we know that 

/•CO 

(4.2) / e'P^''Ux^\{x:p{x)<l}\, 



where we use the notation A f^i B to mean that there exists a constant c such 
that cB < A < -B. When such inequalities hold, we say that A and B are 

comparable. It will be understood whenever this notation is used that the 
underlying constant c is independent of all important parameters. Thus in 
our case it is always independent of the coefficients of the polynomial p and 
depends only, perhaps, on the degree of p. 

Our goal is to extend the estimate (j4.2p to the situation in which p is a 
fourth-degree polynomial with positive leading coefficient. By translating, 
shifting, and reflecting about the y-axis if necessary, we can arrange it so that 
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the (not necessarily unique) global minimum of the polynomial is zero and 
occurs at x = 0, and so that p is convex for all x < 0. Since p" has degree 
2, if p fails to be convex on all of R, there is a single interval on which p" is 
negative. 

Thus suppose p" has zeros at x ^ A and x = A + C where A,C > 0. Then 
there exists i? > so that 

(4.3) p"ix):^B{x-A){x~iA + C)). 

Remark 4.1. One checks easily that if A — 0, p can not have its global 
minimum at unless C = as well. In this case, we would have p(x) — Bx"^ , 
which is convex. Furthermore, if A > but C = 0, p" is never negative, hence 
p is convex. 

If we anti-differentiate (|4.3p twice, using the assumption that p(0) = p'(0) = 
0, we find 

(4.4) p{x) = ^x^[x^ - 2{2A + C)x + 6A{A + C)]. 

In the analysis that follows, it will be essential to know what relationship, if 
any, exists between A and C. Thus write C = a A for a > 0. Then 

(4.5) p{x) = —x^[x^ - 2A{2 + a)x + 6^2(1 + a)]. 

Proposition 4.2. Let p be as in (|4.5I) . with A,B,a>0. p is non-negative if 
and only if 

(4.6) < a < 1 + \/3. 

Proof, p is non- negative if and only if the expression x^ — 2^4(2 + a)a;+6A^(H- 
a) is non- negative for all x. The conclusion follows by finding those positive 
a for which this quadratic has non-positive discriminant. D 

Next, we prove an inequality concerning the value of p at its inflection 
points: 

Proposition 4.3. Ifp{x) = ^[x'^~2A{2 + a)x^ + 6A'^{l + a)x^] andO<a< 
1 + V3, then there exists c > independent of A and B so thatp{[l + a)A) > 
p{A) > cBA^. 

Proof Wehavep((l+a)A) = ^{3 + 8a+6a^-a'^) andp(^) = ^(3+4a). 
The lower bound on p{A) follows immediately since for < a < 1 -^ a/3, 3 4- 4a 
is bounded below by a positive constant. 

Observe that p((l -I- a)A) — p{A) = ■^A^{Aa + 6a^ — a^). One confirms 
easily that a — —2, 0, 1 ± -\/3 are roots. Finally, since at a = 1, p((l -I- a) A) — 
p{A) = ^A*(4 + 6—1) > 0, wc conclude that this difference is positive for 
all < a < 1 -|- -s/S. This proves the proposition. D 
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A convex polynomial clearly has only one local extremum, "which is neces- 
sarily the location of the global minimum. For non-convex p, however, it is 
possible that p has other extrema. More specifically, if p is a fourth-degree 
polynomial, p' is a polynomial of degree three, hence it has either a single real 
root or three real roots (counting multiplicities). We have the following: 

Proposition 4.4. Let p{x) = ^[x" - 2A{2 + a)x^ + 6^2(1 + a)x'^], with 
A, B > and < a < 1 + v3- Then p' has three real roots if and only if 
2 < a < 1-K Vs. 

Proof We find that p'(x) = ^x[4x'^ - 6A{2 + a)x + 12^2(1 -|- a)]. This has 
three real roots if and only if 3A^{3a^ — 4a~ A) > 0. This occurs if and only 
ifa<— |orQ;>2. Since we have assumed < a < 1 -|- \/3, the conclusion 
follows. D 

To analyze the integral (|4.ip . we begin by writing it as a sum: 
^P(^) dx = / e-P(^) dx+ e-P(^) dx 

f{l+a)A i^oo 

e-P^'^'>dx+ / e-P'^'^Ux 

lA J(l+a)A 

(4.7) = I + 11 + III + IV. 

Observe that p is convex on the intervals of integration for J, II, and IV. 
Obtaining sharp estimates on these integrals requires the results of the next 
subsection. 

4.2. Some Estimates on Functions on Intervals of Convexity. We will 
use the following results repeatedly. The first gives the size of the integral 
of e~P over any interval on which p is convex. It uses a modification of an 
argument in Halfpap, Nagel, and Wainger |HNW10| proving an analogous 
estimate if p is convex on all of R. 

Lemma 4.5. Let p be a polynomial satisfying \mi\^\_^rx, p{x) — oo. 

(1) Suppose p' is positive and increasing on an interval {xq, Xf), where Xf 
may equal +oo. Suppose further that in the case in which Xf < oo, 
p(2;/) > p(a;o) + 1. Then 

(4.8) r e~P^^Ux ^ e-P^'-'^'^lix e {xo,Xf) : p{xo) < p{x) < p{xo) + l}\. 

Jxq 

(2) Suppose p' is negative and increasing on an interval {xf,xo), where Xf 
may equal — oo. Suppose further that in the case in which Xf > — oo, 
pix f) > p{xo) + 1 . Then 

(4.9) / e-P(")dx«e-P("°)|{xe (x/,xo):p(xo)<p(x) <p(xo) + l}|. 

Jxf 
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(3) Suppose p' is (i) positive and increasing on I — {xo,Xf) with Xf < 
cxD or (ii) negative and increasing on I = (xf,xo) with Xf > — oo. 
Suppose further that p{xq) < p{xf) < p{xq) + 1. Then 

(4.10) /e-P(^)da;«e-P(^'')|a;/-a;o|. 



Proof. We sketch the proof of (1). The remaining parts follow in a similar 
manner. 

Suppose a;/ < oo, and let J be the largest positive integer such that pixf) > 
p{xo) + J- Our hypotheses guarantee that such a J exists. For each positive 
integer j < J, define Xj to be the unique element of (xq, Xf) for which p{xj) = 
p{xq) +j- Clearly, 

e-P(^"\xi ~ xa) < f %-P(^)dx. 

Jxo 

For the reverse inequality, observe that 
/ e^P(^) dx ^ J2 e-P(^) dx+ e-P(^) dx 

Jxo j_Q Jxj Jxj 

,7-1 

< Y, e-P^""'^'^ {xj+i - Xj) + e'P^'"'^-'{xf - xj) 

3=0 

J-1 

{xi -xo) + Yer^{xj+i -xi) + e^-^{xf ~ xi) 



< e 



-p{xa) 



We now estimate ccj+i — xi in terms of xi — xq. 

j =p{x-j+i)-p{xi)^ I p\x)dx>p\xi){xj+i-xi). 

J X\ 

Since 

/■xi 

p' {xi){xi — xq) > / p'{x)dx — l^ 

Jxo 

we have Xj+i — xi < j{xi — xq). A similar estimate holds for Xf — xi. It 
follows that 

e^P^'''> dx < {xi - xo)e'''^'">l 

'Xo 

D 

Lemma 4.6 (Bruna, Nagel, Wainger |BNW88) ). Let p be a polynomial of 
degree m satisfying p(0) — p'(0) = 0; i.e., p{x) = X]fc=2 '^kX^ . If p is convex 
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on an interval [0,A], then there exists a constant Cm, depending on m but 
independent of A, such that 



(4.11) 



p{x) >Cjn^\ak\x'' for all X q[0,A]. 



k=2 



This lemma is useful to us because it allows us to prove the following: 

Proposition 4.7. Let p be as in Lemma \^.(!\ Suppose that p{A) > 1. Then 
p{x) = 1 has a unique solution p, in [0, A\ and 



(4.12) 



Y.\-.\"' 



.k=2 



Proof. This is a standard argument, included here for completeness. 

It follows from Lemma W^ that there exists C,„ such that for all x G [0, A] 



CraJ2\"'>'\^'' <^'^kx'' <Y^ 



ak\x 



fe=2 



fc=2 



fe=2 



Define p{x) = jyi~2 Wk\x'^- Then if j/i is the positive solution to p{x) = 1 
and 2/2 is the positive solution to Cmp{x) — 1, then yi < p < y2- It therefore 
suffices to show that yi and y2 are comparable to the expression on the right 
of (|4.12p . We show this for 2/2- 

m 

By definition, y2 satisfies > Cm\o-k\y2 = 1- Thus for every k, 2 < k < m, 

k=2 

Cm\ak\y2 ^ li ^-nd hence 2/2 < [Cm |afc|^/'^]~^. Since this is true for any k, 
it is true for the /co such that C™^'"'|afeJi/'=o = max C^/'=|afe|^/''\ On the 



other hand. 

It follows that 
(4.13) y2 < 



{2<fe<m} 



_, m 

CT"\ako\'/'^'>^T.(^"^("\-'^\'^"- 
m — 1 ^ — ' 



fc=2 



_, m 



fe=2 



< 



TO — 1 



a 



1/2 



Ei-'^i'^' 



.fe=2 



This gives the desired upper bound on 2/2- 

To obtain a lower bound, let fci be such that Cm|a*:i 12/2^ ~ max C„i|afc|2/2- 



{2<k<m} 



Then 



(to - l)C„i|afej2/2' > CniP{V2) = 1, 
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and so 



2/2 



> 



> 



> 



(m-l)i/'=iCi/'=M«feir^'^ 



m — 1 



m, — 1 



1/2 



1/2 



Gyr 



O77 



1/m 



1/m 



[\a.A'/'' 



Ei«^-i'^' 



.fc=2 



We have now proved the desired estimates on 2/2- The estimates on yi follow 
by setting Cm — I- □ 

4.3. Estimates of the integral (|4.ip . In this section we prove 

Lemma 4.8. If P,S > and p(x) ~ (3x^ + ^x^ + (Jx^ attains its global 
minimum at the origin), then 

/•oo 

(4.14) / e-l^'^'+'^^'+'^^'ldxw [/33 + |7|H^^]-i. 



Since the result is already known for convex p, it suffice to establish it for 

.1- « B BA{2 + a) ^ , BA^{l + a) ^ . 

non-convex p, taking p = — , 7 = , and 6 = . As m 

^' *^ ^ 12 6 2 

(|4.7p . we consider this as a sum of four integrals. 

4.3.1. The integral I . To estimate /, note that 

q{x) = p{-x) = — [x"* + 2A(2 + a)x^ + 6^2(1 _^ q,)2,2] 

is convex on (0,oo) with q{Q) — q'{{)) — 0. Thus by Lemma H751 and Proposi- 
tion STTl I satisfies the estimate (|4.14p . i.e., 

' B\~^ [BA, A^ fBA^, 

-\ +f (2 + a) + (1 + a) 



12 



V 6 



V 2 



(4.15) 



B-^ +53^3 +B^A 



In (|4.15p . we have also used Proposition 14.21 to conclude that 2 + a and 1 + a 
are both comparable to 1. 

Since clearly I < I + II + III + IV, the lemma will follow if we can show 
that //, ///, IV < I. 

4.3.2. The integral II. We have two cases, depending on whether p{A) > 1 
or p{A) < 1. 

First, ii p{A) > 1, then Lemma H3] and Proposition 14.71 implv. as they did 
in the case of integral /, that 



(4.16) 



// 



Bi +BiAi +B^A 
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as desired. 

Suppose, then, that p{A) < 1. Then by Lemma [4.51 

(4.17) // w A. 

By Proposition [431 cBA* < p{A), and so if p(A) < 1, BA'^ < 1. Thus 

A[Bi + B^A^ + B^A] = B^A + B^A^ + B^A^ 

= {BA'^)i + {BA^)i + iBA^)^ 

< 1- 
It follows from (|4Tfl) that // < /. 

4.3.3. The integral III . This is the integral over the interval on which p" is 
negative. This forces the minimum of p on this interval to be either p((l+a)A) 
or p{A) . By Proposition 14. 3[ both are bounded below by cBA'^ for some 
uniform positive constant c. Therefore 

(4.18) /// < aAe^'^-^^" < Aer''^^'. 

This contribution is always less than that from the integral /. Indeed, 

Ae-''^'^^[Bi + B^A^ + B^A] ^ [{BA^)i + (BA^)^ + {BA^)^e-''^'^' 

is uniformly bounded since the function f{x) = (x^ -\-x^ +a;2 )e~'^^ is bounded 
on the positive real axis. 

4.3.4. The integral IV . As with integrals / and //, we are integrating over an 
interval on which p is convex. In order to use Lemma 14.51 we need to know 
the minimum value of p on this interval. We distinguish two cases. 

First, suppose the minimum occurs at a; = {l + a)A. Note that this implies 
that p'{{l + a)A)>0. We must find 

|{ X > (1 + a)A : p[(l + a)A] < p{x) < p[{l + a)A] + 1 }|. 

If y is the unique solution to p{y) — p[{l + a) A] + 1 in this interval, then the 
desired measure is v = y — (1 + a) A. Recall that p has an inflection point at 
X = (1 + a)A and expand p about (1 + a)A to obtain 

p[{l+a)A]+p'{{l+a)A){x-{l+a)A) + ^^{x-{l+a)Af+^{x-{l+a)A)\ 
Thus v is the solution to 

(4.19) p'((l + «)A)^ + ^^3^^^4^^ 

12 

It follows that the solution to (|4.19p is less than the i> satisfying 

aBA ^ B , 

(4.20 v^ + —V^ = 1. 

^ ' 6 12 
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Since a, A, B,i> > 0, v < i) '. 



B-i +B^{aAY 



(4.21) 



IV < e-"^^" 



. Thus 
, 1-1 



B^ +B3(aA)3 



We claim that IV < /. Indeed, since a > 0, 



-cBA 



Bi +BiAi +BiA 



Bi +Bi{aA)i 



< e 



-cBA 



cBA" 



B-i +B^A^ +S3A 



Bi 

[l + {BA'^)T-2 +{BA'^)^]. 



Since f{x) = [1 + xt^ + xi]e~'^^ is a bounded function on the positive real 
axis, the conclusion follows. 

Suppose, next, that the minimum of p on [(1 + q)A,oo) occurs at some 
point xq interior to the interval at which p' vanishes. In this case, p' has three 
distinct real roots, and so by Proposition 14.41 2 < a < 1 + -s/S- Precisely the 
same argument we used above to show that, regardless of the size of p{A), 



-P(^) dx 



'P(^) dx 



-p(o) 



\{x<Q:Q<p{x) < 1}\ 



shows that, regardless of the size of p[(l + q;)v4], 

/•oo 

(4.22) IV ^^ / e^P^'''>dx^e~P^''°'>\{x>xo:p{xo)<p{x) <p{xo) + l}\. 

J Xq 

Thus we must estimate p{xq) and the positive number y satisfying p{xq) + 1 = 
p(xo + y). Expanding p in powers oi y = x — x^ yields 

p{x) = p{xQ)+p{xo)y + -p"{xo)y'' + -p"'{xQ)y^ + —p^^\xQ)y'' 



(4.23) 



p{xn) + y [a^o - A{2 + a)xo + A^{1 + a)\y'^ 
+ |[2a;o-^(2 + a)]rV^y4 



Recall from the proof of Proposition 14.41 that p'{x) — ^x[2x^ — 3A{2 + a)x + 
6A'^{l + a)]. Set 

(4.24) e = 9a^-12a- 12. 

This is positive since a > 2. Then 



(4.25) 
and 



xo = — [3(2 + a) + Ve] 



^2 

xl = -j-pa^ + 12a + 12 + 3(2 + a)s/e]. 
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Substituting (14251) and (|4:24| into (ITM]) yields 
p{xq + y) 



48 



12 



V^y' + §/. 



Thus 



and so 



l = ^[e + 3{2 + a)V^y' + ^[2- 



48 



12 



V^y' 



B 

12^ 



(4.26) y^ Bi + Bi Ai {2 + a + y/e)i + B^ Aei {y/e + 3{2 + a))^ 
Since 2 < a < 1 + ^/3, for such a, < e = 3{3a'^ - 4a - 4) < 1. Hence 

(4.27) y: ' '"' 



S3 +_B^A^ + B^Ae'^ 



RecaU that we wish to show that IV < /, or, equivalently, that 

-1 



(4.28) 



-Pi^o) 



B^ + B^A^ + B^Ae^ 



< 



B- 



B^A^ + B^A 



Since e~P'^^°^ < 1 and e < 1, this fohows immediately in the case in which e 
is also bounded below by an absolute constant /3. 

To prove (j4.28p for all e, therefore, it suffices to find an absolute constant 
P such that (I4.28P holds for all < e < /3. Since such an estimate is likely to 
rely upon the relative smallness of e~P^'^°'> compared to BA^, we need more 
information about the size of p(xo). A calculation using (|4.5p shows 



p{xo) 



BA* 



(9a2 + 12a + 12 + 3(2 + a)y/^){-3a'^ + 12a + 12 - (2 + a)Ve) 



768 

w BA*{-3a^ + 12a + 12^(2 + a)y/e). 

We claim that there exist positive constants /? and d such that for all a G 
(2, 1 + V3], if e < 13, -3a^ + 12a + 12 - (2 + a)y/e > d, from which it will 
follow that p{xo) > dBA^. 
Indeed, it is easy to see that 

-Sa^ + 12a + 12 - (2 + a)^/e > 6(1 - V^)- 

This is bounded below by 3 if e < |. The claim follows. 

To prove (|4.28p when e < |, we must show that 
(4.29) 

~dBA^ Bi +BiAi +BiA _ ^^^^4 1 + {BA^)t2 + {BA'^)i 



Bi + BsAa + B2Aei 



1 + {BA*)T2 +{BA'^)i{e)i 
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is bounded. This is indeed the case since 

1 — - 
< fix) = e-''- l + x^^+x^^ ^ ^_,,^^ ^ ^.^ ^ ^1 ^ 

1 + X12 +X*£4 

and the latter is bounded above on the positive real axis. 

4.3.5. Another interpretation. Recall that (14. 2p holds if p is convex and p(0) = 
p'{0) = 0. We claim that our estimates show that the same is true in the case 
of any fourth-degree polynomial with positive leading coefficient and global 
minimum at the origin. Indeed, set 

fi^\{x: p{x) < 1 }| ^Ji- = \{x<{): p{x) < 1 }|. 

Clearly 

/• /"OO 

e-V< / e-P^''Ux< / e-Pf^^da;. 

On the other hand, the estimates of the previous section imply the existence 
of a constant C > such that 

D 

Since ^T < fj,, it follows that J^ g-pi^) dx ~ /i, as claimed. 

4.4. Remarks on Polynomials of Higher Degree. The results of this 
paper can not easily be extended to tube domains (jl.ip defined by higher- 
degree non-convex polynomials h because it is not clear what uniform estimate 
should replace Lemma [4.81 

Consider, for a moment, the analogue of Lemma l4.8l for convex polynomials: 



2n 

Lemma 4.9. Let n he a positive integer and define p{x) — y fijX-' . Suppose 



p is convex on R. Then 

(4.30) /:= / e-P^^'Ux: 



J=2 



oo 



QO 



2n 

i=2 



This lemma is not new; it follows easily from the results of Bruna, Nagel, 
and Wainger discussed above. We saw in Lemma 14.81 that this same result 
holds if n = 2 even if we replace the hypothesis that p is convex with the 
weaker hypotheses that p attains its global minimum at and /32,i > 0. We 
claim that such a result does not hold if n = 3. 

Indeed, consider p(a;) = x^ix — aY = x^ — 4:ax^^ + 6a'^x'^ — Aa^x^ + a'^x^, with 
a > 1. Clearly p is non- negative, attains its global minimum at the origin, 
and is convex for x < 0. If (|4.30l) were true, we would have both 
1 



-^ Ki [1 + a^ + a-^ + a + a 



21-1 
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and 



/> 



'X {x~a) 



dx = I e 





-iv+afv^ 



dy: 



1 + a^ +a2] 



02 



(We have used in the above the observation that q{y) ^ {y + a^y'^ is convex 
on the positive real axis with global minimum at the origin.) Since there is no 

1 C 
positive C independent of a > 1 such that ^r > —;- , our claim is established. 

. ^ «^ 
It is not hard to see what is going on; in the case of a non-convex fourth- 
degree polynomial, if there are two competing global minima, they are both 
points at which the polynomial vanishes to order two. A higher-degree poly- 
nomial can have different orders of vanishing at different competing global 
minima. Thus order of vanishing must be taken into account in the higher- 
degree case. 



5. Proof of Theorem 12.31 
We now return to the analysis of the integral N in 

^2T['n\-b{\)^B^(\(r,))] ^^ 



^ g2r6*(r,) 



2rb'(ri) I g2r[,,A-6(A)-r,A(r;)+b(A(»j))] ^\ 



g2r6*(^) / g2r[-fc''(A(r,))(A^H^-b'''(A(^))(^^Hll))l„(A^Hzi))lj^^ 



=2r6-(,7) 



„2rb-(,7) 



=2t6*(,7) 



-[2rb"(X(n))^^+2rb"'(\(ri))^+2T^] 



dy 



'id'- 


rh"'{\{ri)) 
3 


_1 


1 1 , 


\(r;)|*+r5 


{■iX{rif+pY^' 


-1 



where we have used the result of the previous section in the second-last line. 
We now prove Theorem 12.31 If we show that each integral 

(5.1) // f,m[zl+w,]+^r[z2-W2] 1 ^ ^^ ^^ 



r>0 



7V(77,t) 



is absolutely convergent when 



h + k + b{x) + b{r) - 2b** ( ^i^ I > 0, 



it will follow that the integral in fact is equal to dWdl^^d^^^d^^^Siz, w). 
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Set S = h + k, z = (zi, Z2) = {x + iy,t + ib{x) + ih, r + is,u + ib{r) + ik), 
ii + ji = n, ii + ji + 12 + J2 = rn (so that m > n). The integral becomes 

r r n m+1 

(52) gn,m,S ._ // ^riT\x+r+i(y-s)]+iT\t-u+i(b(x)+b(r)+S)] 'l dv dr 

^ ' ' ■ JJr>0 N{rj,T) 

which converges absolutely if and only if 

^ (.00 (.00 I In m+l 

J -Jo N{r,,T) 

We see that 

/•OO /"OO 

:in,m,S r~^ I I p — T[(5+6(a:)+6(r) — r;(a;+r)+2fe*(7/)] 



co^O 



T4 +T3|A(r;)|3 +r5(3A(r/)^+p)5 |7y|"T™+MTd77 






(Since the superscripts are cumbersome, we will often omit them.) Further- 
more, let liirj) denote the integrand of the 77 integral defining Xi, so that 



Ii{ri)dri. 
J —00 

Set 

(5.4) A{x, r, 77) =: b{x) + b{r) - r]{x + r) + 26* (77). 
Since 

(5.5) A{x, r, 77) — sup[77A — 6(A)] — [77X — 6(a;)] + sup[77A — 6(A)] — [77r — 6(r)], 

A A 

A is non-negative. 

Each Ii (77) involves an integral in r of the form 

/•OO 

(5.6) / e'^[''+'^(="'''^'')lT'' dr 

Jo 

which equals 

(5-7) ^° [^ + A(x!r,77)]"+i iiS + Aix,r,r,)>0. 

It is now clear that there are two potential barriers to the convergence of the 
full integrals Ii: 

(1) insufficient growth of A in 77 at infinity, and 

(2) vanishing of J -I- A{x, r, rj) for some finite 77 for certain choices of x, r, 
S. 

The next subsections explore these issues and in so doing establish the theo- 
rem. 
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5.1. Behavior of A{x,r,ri) for large 77. 

Lemma 5.1. Fix x,r E R. Then A{x, r, rj) ^ ^rj3 as \ri\ — > 00. 

Proof. Recall from Proposition 13.31 that A(77) ^ 773 as \ri\ — )■ 00, i.e., A(?7) = 
773 (1 + 0(1)) as |?7| — >■ 00. Thus as |r7| — > oo, 

A{x,r,T]) 

= b{x) + b{r) - T]{x + r)+ 2(t;A(?7) - fe[A(77)]) 
= b{x) + b{r) — r/{x + r) 



r,-^ (1 + 0(1)) - ^77^(1 + o{l)f ~ ^prj-^ (1 + o(l))2 - gr/*(l + o(l)) 
277t+,7lo(l) + 0(|77|) 



+ 2 

3 

2 

^77^(1 + 0(1)). 



n 



Remark 5.2. Our arguments can be extended to obtain a generalized asymp- 
totic expansions for X{rj) and A{x,r,r]). See Olver |01v97| . Section 1.5 for a 
detailed discussion of such techniques. 

This lemma, equation (j5.7p . and parts (iii) and (v) of Proposition [?31 allow 
us to conclude the following: 

(1) l^^"''\ri) - c(77t)-(t+™+i)|,7|" = c|77|-3-|™+». Since 7n > n > 0, 
—3 — |?77, + ri < —3, and so for any fixed 7i, tti, and (5, X"'™' is 
convergent at infinity. 

(2) Z2"^'"'*(r/) ^c(r/l)-(l+"+i). 177^1^ - c|77|-3-|™+», and so eachZa"'"''' 
is convergent at infinity. 

(3) X^'^"'^(77) - c(?73)-(i+"+i) . |77|4 = c|77|--''->+", and so each I;^'™''' 
is convergent at infinity. 

5.2. Vanishing of 5 + A{x^ r, ry). The estimates of the previous sections show 
that whether or not the integrals Xi converge depends upon whether or not for 
some fixed x, r, and S the function 77 1— )> 5 + A{x, r, 77) vanishes for some finite 
770 and, if so, the behavior of this function near such a point. In particular, 
we have proved 

Proposition 5.3. If for some x, r, and S fixed 



mi[6 + A{x,r,ri)] > 0, 

V 



then each X"'™' is finite. 
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Note, moreover, that 
mi[5 + A{x,r,r])] = S + b{x) + b{r) - 2 sup 



v[^^]-b*{v) 



X + r 



n -q 

= 6 + b{x) + b{r) - 2b** 

(The convexity of b* guarantees the finiteness of the supremum in the first 
hne.) We have thus proved that the integrals defining the Szego kernel and 
all its derivatives converge absolutely in the region 

(5.8) S + b{x) + b{r) - 2b** f^^^ > 0. 

We do not yet know which x, r, and S are in this set. We claim first that if 
z = {zi, Z2) = (x + iy,t + ib{x) + ih) e fl and w = {wi,W2) = {r + is,t + ib{r) + 
ik) e ri, {z, w) is in the region in C^ defined by (|5.8p . Indeed, z,w ^ fl implies 
h,k > 0, and hence S = h + k > 0. It follows that S + A{x, r, rj) > 6, and 
hence its infimum over 77 is bounded below by S as well. Thus the inequality 
in (jS.Sp is satisfied. 

To prove the remainder of Theorem l2.31 we must determine which (z, w) € 
dft X dil are in the region (15.81) . For such {z,w), 6 = 0. We thus need to 
determine all (fixed) x and r for which A(x, r, rj) is bounded away from zero 
independent of 77. 

By (|5.5p , A is a, sum of two non- negative functions 



(5.9) A^{r]) := sup(7;A - 6(A)) - {r]x - b{x)) ^ b*{r]) - {-qx - b{x)) 

X 

(5.10) Ar{T]) := sup{r]X - 6(A)) - (jyr - 6(r)) = 6* (77) - {rjr - b{r)). 

X 

Thus for fixed x and r, A vanishes at some 770 if and only if both Ax{rio) and 
^rivo) vanish. Furthermore, by Corollary 13.51 rj — >■ A{x,r,r]) is continuous, 
and by Lemma [5Tl A{x, r, rj) ^ crj^ as \rj\ -> 00. Thus if for some fixed x and 
r, A{x, r, •) never vanishes, it is bounded below by a positive constant for all 
rj. We thus identify {z,w) in the region (jS.Sp by identifying pairs x and r for 
which A{x, r, •) never vanishes. 

Case 1: \x\ < \/~p or \r\ < \/~-p. For definiteness, suppose \x\ < \/—p. 
Ax could only vanish if x were such that, for some value of 77, the supremum 
of Bjj{X) = r]X — 6(A) were achieved at x. But Proposition 13.31 shows that 
the supremum of -B^ is always achieved at one or more points outside of 
{—^—p, y^—p). This completes the proof in this case. 

Case 2: \x\, \r\ > y/—p, and x ^ r . Since the map r] i-^ A(r;) maps M \ {q\ 
onto M \ [— ^— p, \/—p\ and is injective, there exists a unique r\\ ^ q and a 
unique r\2 ^ q such that A(77i) = x and A(772) = r. Since x ^ r, rji ^ rj2- It 
follows that in this case ^(a;,r, •) never vanishes. 
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Case 3: \x\ = ^/—p but \r\ > ^— p. (A symmetric argument covers the case 
\r\ = \J~-v but |2;| > ^— p.) Then Ax{r\) = only at rj — q whereas one easily 
computes that Ar{q) — |(r^ +p)^ > 0. Thus A{x,r, ■) does not vanish. 

This completes the proof of Theorem l2.3l D 



6. Proof of Theorem | 
We begin by observing that 

S[{x,i{b{x) + h)),{r,t{b{r) + k))] 



't>0 

_ qO,0,S 



and 



J Jt>0 

_ cO,0,0 

where S'"'™''^ is as defined in (|5.3I) . We will shorten the notation for these 
integrals to 5'^. Thus to prove Theorem 12.51 we must show that 

(i) S*^ is divergent, and 

(ii) lim5_j.o+ 5* = oo. 

It is immediately clear that (ii) will follow from (i) since the integrand of S^ 
is non-negative and converges pointwise and monotonically to the integrand 
of 5*° as (5 ^ 0+ . Furthermore, (i) will follow if the corresponding statement 
holds for any of the three integrals X^' ' (again, abbreviated X^). We will 
show that 

(iii) Xi is divergent. 

As we saw in the previous section, X^ converges if a; and r are chosen in 
such a way that A{x,r, •) never vanishes. Thus in order to establish (iii), we 
need detailed information about the behavior of A near values rjo for which 
A{x, r, ?7o) = 0. Recall that if A{x, r, rj) ^ 0, (|5.7p shows that the integrand of 
Xj* is comparable to 

(6.1) \A{x,T,Ti)\--^ . 

We prove (iii) by considering the behavior of A in three subcases. 

6.1. Case \: x = r and \x\ > y/—p. In this case, there exists a unique ryo 7^ 9 
such that X = r = \{r]o)- 

Suppose r/ y^ r]Q and recall that r/ = [A (77)]'^ + p\{ri) + q and 770 = x'^ +px + q 
so that 

(6.2) 770 - ?? = (a; - X{ti)){x^ + xX{r,) + [X{7^)]^ + p). 



22 
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Then (suppressing the dependence of A on 77 ) 

Aix,x,ri) = 2A^{r]) 



2[vX-\x'-lx'-qX-V^+\x' + lx' 



- qx\ 



2{x~ X) 

2{x-X) 
1 



l{x + X){x' + X^) + ^{x + X)-{v-q) 
^ix + X)ix^ + A^) + |(x + A) - A^ - pX 



{x - A)^(a;^ + 2Xx + 3A^ + 2p). 

z, 

We are concerned with how this function varies with rj. We have the following 
proposition and corollary: 

Proposition 6.1. For \x\ > y/—p fixed, 
(a) 



x'^ + xX{ri) + [X{i])f + p > 



-2p 



X ix 



P) 



\X\ > 2y/^ 

V^ < \x\ < 2y 




(b) 

x^ + 2xX{ri) + 3[A(77)]2 + 2p > 



Thus both expressions are bounded below by a positive constant independent 
ofv- 

Proof. Recall that \X{rj)\ > \J—p. Our task in part (a) is thus to find the 
global minimum of /(A) = cc^ + ccA + A^ + p on { A : |A| > sf—p\. There 
are two cases to consider depending on whether / attains its minimum at a 
critical point or at A = ±^/— p. 

Observe that /'(A) = a; + 2A = when A = 



\x. If \\x\ > \/—p, this 
indeed is the location of the global minimum, which is then seen to be |a;^ + 
p > —2p. If 2 1 a^ I < \/—p, the global minimum is one of the two quantities 



X ± x^/—p — p + p, which is in turn > x — \x\^—p = |a;|(|a;| 
proves (a). The proof of (b) is similar and is omitted. 

Corollary 6.2. If \x\ > y/^, 

A{x,x,r])Ki (77-770)^(1 + hi )"i 

Proof. By Proposition 16. 1[ we may write 



-p). This 
D 



Aix,x,r]) = (77-7/0) 



2 a:^ + 2a:A(77)+3[A(77)]^ + 2p 
2(a;2+xA(7/) + [A(r7)]2+p)2 



:= {v-vo)^giv)- 
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The proposition shows that g is finite for all rj and bounded away from zero. 
Thus for 77 on any fixed interval [—K,K], g{'q) sa 1. On the other hand, 
Proposition 13.31 shows that A(77) ~ 773 as \r]\ — >• 00, and so g{'q) « |?7^|^^ for 
I77I > K. Thus for ah 77, 3(77) « (1 + |77|)-§. D 



By (EH), 

(6.3) X5'(77)« [(77- 770)2(1 + H)-i]-|, 
and thus I^ is divergent, establishing (iii) in this case. 

6.2. Case 2: x = r and \x\ — y/—p- Here, the analysis is slightly more 
delicate because the discontinuity of A occurs at 77 = g, and one of ±x — 
X{ri) vanishes at 77 = gr. In this situation, the analogue of (|6.2p above is the 
relationship 

(6.4) 77-g = A(77)[A(77)-a;][A(77)+a;]. 

Furthermore, since x'^ = —p. in this case A{x^ x, rj) = ^{x — X)'^{3X~x){X + x). 

Proposition 6.3. Let A be as above. 

(1) If X = \/—p, then for rj > q, 

A{x,x,iq)K{ri-qf{l + \rj\yi. 

(2) If X = —\J—p, then for rj < q, 

A{x,x,r]) ^ (tj - qf{l + \rj\)-i . 

Proof. In both cases, it is enough to observe that for the values of 77 indicated, 
both \x + A(77)| > 2\x\ > and |3A(r7) - a;| > 2\x\ > 0. We may thus solve 
(|6.4p for a; — A and substitute into the expression for A. The estimate then 
follows, again using the fact (Proposition l3.3p that A(77) ^ 773 as I77I -> 00. D 

Thus in this case, as above, Xj* is divergent. 

6.3. Case 3: |a;| = \r\ = \/ —p but x = — r. The point here is that although 
X ^ r, there is an 770 for which Brio achieves its global maximum at both x 
and r: when rj = q and x = -ii^—p and r — Ta/— P (See Proposition 13. 3p . In 
this case, Ax{'r]) vanishes if and only if 77 = q. For 11 ^ q 

(6.5) A±v^(r7) - (^ - 9)(A(77) T y^) - \mv)? + Pf- 

Proposition 6.4. // |a:| = \J—p, 

A{x,-x,vi) = {v-q)h{r]), 

where 

\h{ii)\^il + \v\)i. 
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Proof. It follows from (|01) that 
and so 



y- q 

Kv) 



Mv) 



[MvW 



4\{fj) 



iv-i) 






■= {v-(i)Hv)- 

Since the numerator of h is bomided below by — 4p > and the denominator is 
bounded in absolute value away from zero, it follows that if we fix an interval 
[—K,K], 1/1(77)1 ~ 1 on the interval. 

On the other hand, since X{ri) ~ rj's as \ri\ — >■ 00, for sufficiently large K, 



1/1(77)1 ~ k/h for hi > K. 



The proposition follows. 



n 



Since the integrand of 1° is « [h ~ <?! (1 + |??|) -^ ] * > 2"° diverges in this case 
as well. The proof of Theorem 12.51 is now complete. 
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